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1. Introduction 
In this paper m, n, k, r and t will denote positive integers with n assumed 
;:;;;.m. Let Qk(m, n) represent the number of sets of positive integers 
x1, x2, y1, y2, satisfying 
(1.1) 
such that 
(1.2) 
here (m, n)k denotes the greatest common k-th power divisor of m and n. 
The aim of this paper is to develop an asymptotic representation for 
Qk(m, n). 
In case k= 1, the restriction (1.2) simply asserts that the pairs x1, x2 
and y1, y2 are relatively prime. This case was originally considered in 
[1, § 3] where it was shown that Q(m, n) _ Q1(m, n) had the representation, 
(1.3) Q(m,n)=cx(m,n)mn+O( ~)· n;:;;;.m;:;;;.2, 
4 logm 
cx(m, n) denoting the positive, bounded function, 
(1.4) cx(mn)= II (1-_.!._) II (1-~) 
' P!(m,n) P2 pf(m,n) P2 ' 
the products ranging over prime values p((m, n) = (m, n)I). 
The method employed in [1] actually permits a slight improvement 
in the estimate (1.3). Using a quite different though elementary, method 
in the present paper, we shall prove a greatly improved estimate for 
Q(m, n). The method applies to the more general problem described 
above and leads to the result for Qk(m, n) contained in Theorem 3.1. 
Some special cases of interest are noted in § 4. 
The problem treated in this paper is a two dimensional analogue of a 
problem considered by ESTERMANN in [3]. In his paper Estermann 
proved an asymptotic formula for the number Qk(n) of solutions of 
n=x+y such that x andy are k-free. The method used in the proof of 
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our main theorem is essentially an adaptation of Estermann's approach, 
modified so as to apply to the question of simultaneous representations 
discussed here. It will be observed that the special case k= 1, important 
in the present paper, evaporates in the problem of a single variable 
treated by Estermann. Actually, this case presents unusual aspects in 
the simultaneous problem, as a glance at the statement and proof of 
Theorem 3.1 will indicate. 
2. Preliminaries 
In this section we collect together several lemmas, most of which are 
familiar. The following notation is needed: e(s) is the Riemann Zeta 
function (s real), f.l(n) the Mobius function, J1c(n) the Jordan totient of 
order k, T(n) the number of divisors of n, q1c(n) the characteristic function 
of the set of k-free integers; in particular, qk( n) = 1 or 0 according as n 
is or is not k-free. 
Lemma 2.1 (cf. [4, Theorem 303]). 
(2.1) q1c(n) = ! f.l(d). 
II!' e-n 
Lemma 2.2 (cf. [4, Theorem 315]). For all E>O, T(n)=O(nE). 
The Jordan function has the familiar evaluation, 
(2.2) J1c(n) = n" IT (1- 1"), Jk(1) = 1. 
pin p 
On the basis of this formula we have 
Lemma 2 . 3. For fixed t > 1 and arbitrary n, there exist positive 
constants A and B such that B> Jt(n)jnt>A. 
Proof. Because 
1 ~IT (1- ~) ~IT (1- ~) n (1- ~) = IT (1- ~) = - 1 . 
pin p pin p PTn p p p e(t) 
Lemma 2.4 (cf. [2, (5.2)]). If t> 1, then 
oo f.l(n) rt ! -= • 
n-1 nt e(t) Jt(r) (2.3) 
<n.r)=l 
Finally we note 
Lemma 2.5 (cf. [3]). For positive integers a, b, let Na,b(n) denote 
the number of positive integral solutions of n=ax+by. If (a, b)= 1, then 
(2.4) n Na,b(n) = ab +0(1), 
uniformly in a, b. 
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3. The main result 
As in [1] it will often be convenient to indicate conditions of summation 
by referring to numbered formulas. Vacuous products and sums will be 
assumed to have the values 1 and 0, respectively. 
Theorem 3.1. Letkbeafixedinteger ~ 1 andsupposethatn~m~2. 
Then 
~ O(n) if k > 1 
(3.1) Qk(m, n) = 1Xk(m, n)mn + ( O(g(m, n)) if k = 1, 
where 1Xk(m, n) is defied to be iXk(m, n)=1Xk((m, n)), with 
(3.2) iXk(r) =II (1- !k) II (1- !k), 
pklr P pkfr P 
the products ranging over primes p, and 
(3.3) g(m, n) = . ~ n log3 m if n ~ m2, (m n)2IS+• ~f n < m2, 
for all E>O. 
Proof. By Lemma 2.1, 
Qk(m, n) = 2 qk((xl, x2)) qk((yl, y2)) = 2 ft(d) #(~), (1.1) (3.4) 
where the latter summation is over positive integral d, ~. d1, d2, ~1, ~2 
such that 
(3.4) 
Let now x=x(m, n) denote a function of m and n, to be specified later, 
such that 1 ~ x ~ kVm. We decompose the summation for Qk(m, n) as 
follows: 
(3.5) ~ Qk(m, n) = a:;;,1~:;azfl(d) #(~) +::;;,~J1>mft(d) #(~) + d>19>m#(~) #(~) 
( = 21 + 2 22 + 2s = 21 + S, 
let us say. 
We consider 22, under the assumption that x<kVm. Then with Tk(n) 
denoting the number of k-th power divisors of n, one obtains 
1221 ~ 2 1 = 2 Tk((m- ~k~1, n-~k~2)) ~ 2 T((m-~k~l) (n-~k~2)). 
~:;4! thJ, <m 1l'd1 <m 
{Jk{J, <n 6k6, <n 
bm bz 
Hence by Lemma 2.2, one obtains for all E> 0, 
22 = 0( 2 (m- ~k~l)8 (n- ~k~2)") = o((mn)• 2 [;] [;]) 
6k6,<m d>m 
6k6,<n 
d>m ( 1 ) ((mn)l+•) 
= 0 (mn)l+• dfm ~2k = 0 x2k-l • 
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A similar argument applies to Ls· Evidently, if X= kVm, then _L2 = Ls = 0, 
and therefore we have 
(3.6) ) (
(mn)H•) . k 
S = 0 -x2k-1 If X < vm' 
o if x = kvm. 
We return now to _L1 which may be written in the form, 
where 
(3.7) 
.L p,(Dd) p,(Do), 
(3.7) 
<d.o>~l 
dc;;;,(x/D).oc;;;,(xfD) 
Hence by the defintion of p,(n), 
_L1 = .L p,2(D) .L p,(d) p,(o) Ndk.ak(;;k) Ndk.6k(:;k). 
Dki(m,n) <d.o>~l 
<D.do>~l 
dc;;;,(x/D),oc;;;,(x/D) 
Application of Lemma 2.5 yields 
(3.8) .L1 = .L' + o(n .L ~k .L dk\.k) + o( .L [~]2) , D~m d~"' u D~m 
- o~x -
where 
(3.9) 
The first 0-term in (3.8) is O(Hk(m, n)), where 
(3.10) Hk(m, n) = ~ n ( n log3 m 
while the second 0-term is O(x2). Therefore 
(3.11) 
We now consider _L'. By (3.9) 
so that by Lemmas 2.4 and 2.3, 
(k < l) 
(k = l), 
.L' = ..!!!:_ .L p,2(Dl .L p,(d) + o( mn .L 2_) 
C<2k) Dkj(m n) J2k(D) dc;;;,(x/D) J2k(d) x2k-l Dc;;;,m D 
' (d.D>~l 
mn p,2(D) ( "" p,(d) (D2k-l)) (mn log m) 
C<2k> Dki~ n) J2k(D) d~ J2k(d) + O x2k-1 + O x2k-1 • 
' (d,D)~l 
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Therefore, again using Lemma 2.3, 
, (rnn log rn) (3.12) ~ = rnn {Jk(rn, n) + 0 x2k-l 
where 
(3.13) 1 #2(D) "" #(d) fJk(rn, n) = r(2k) ~ J (D) ~ J (d). 
" DTcl(m n) 2k d-1 2k 
' (d.D)=1 
To evaluate fJk(rn, n), place 
IXk =IT (1- 2kJ._ 1), /k(r) =IT (1- 2/_ 1)-l, 
p P pir P 
so that the Euler factorization (cf. [4, § 17.4]) of the series in (3.13) gives 
- IXk f-'2(D) /k(D), {Jk(rn, n) - r(2k) ~ J (D) I" 
" DTci(m,n) 2k 
(3.14) 
The arithmetical function defined by the divisor sum in (3.14) is multi-
plicative, whereby 
fJk(rn, n) = r~~) IT (1 + "'21) (k~P)) = r~~> IT (1 + 2/_ 2) · 
" plcJ(m,n) 2k P " pTci(m,n) P 
Using the fact, C-1(2k)=IT(1-p-2k), it follows by a further simple 
f) 
calculation that {Jk(rn, n) =rxk(rn, n); hence combination of (3.11) and (3.12) 
leads to 
(3.15) ~1 = mnrxk(m, n) + O(Hk(m, n)) + O(x2) + o( m:21~~ m). 
Collecting (3.5), (3.6), and (3.15), one thus obtains for all E > 0, 
(3.16) 
Qk(m, n) = mnrxk(m, n) + O(Hk(m, n)) + O(x2) 
+ ) 
O((mn)1+•) if x < kvm, 
x2k-1 
o(mn log m) if X= kvm. 
x2k-1 
The relation (3.1) results on choosing 
X = ~ kvm if k > 1 or if k = 1, n ;;;:; m2, 
( (mn)''• if k = 1, n < m2. 
This proves the theorem. 
Remark. It will be noted that both rxk(r) and 1/rxk(r) are bounded 
as functions of r, because for fixed k, 
(3.17) IJ ( 1- p!k) ~ rxk(r) ~ IJ ( 1 - p~k) · 
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Therefore, 
Corollary 3 .l.l. If m:;i,n, then 
(3.18) Qk(m, n) ,.._, <Xk(m, n)mn as m-+ oo. 
4. Special cases 
We note the following additional corollaries of Theorem 3.1. The case 
m=n leads to 
Theorem 4.1. If k is fixed, then for all E> 0, 
(4.1) ~ O(n) if k > 1, Qk(n, n) = <Xk(n)n2 + ( O(n'l.+•) if k = l. 
The case n = m2 becomes, on interchanging m and n, 
Theorem 4.2. If k is fixed, then for n~2, 
(4.2) ~ O(n2) if k ~ 1, Qk(n, n2) = <Xk(n)n3 + ( O(n2 log3 n) if k = l. 
We also note the following special case of Corollary 3.l.l. 
Corollary 4.1. If n~m and (m, n)k= 1, then 
(4.3) Qk(m, n) ,.._, mn IJ ( 1- p;k) as m-+ oo. 
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